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ABSTRACT

This report investigates the plane stress
capability of the FEARS (Finite Element Adaptive
Refinement Solver) program which features both
adaptive meshing and a posteriori error bounding.
Two benchmark plane stress problems were solved by
both the FEARS and NASTRAN (NASA Structural Analysis)
programs for comparison. This report presents only
the basic computational results. Other reports to
follow shortly will motivate the experimental proce-
dures, analyze the results, and provide the conclu~-
sion.

ADMINISTRATIVE INFORMATION
This work was performed under the DTNSRDC's Independent Research Program,
Program Element 61152N, Task Area ZR0140201, DTNSRDC Work Unit 1844-140. A
contract arrangement was entered into with Prof. Babuska of the Institute for
Physical Science and Techmology, University of Maryland.

1. INTRODUCTION

This report presents the basic results of the numerical solutions of two
benclmark problems in plane elasticity. The purpose of this computation was
to compare the performance of the NASTRAN (NASA Structural Analyeis) and FEARS
(Finite Element Adaptive Refinement Solver) programs. A subsequent report
will analyze the results and present conclusions.

Section 2 of this report describes the two benchmark problems. Section 3
briefly describes the use of the NASTRAN program to solve the two probleams,
and also describes the data generator program, DGNEW, used to prepare data
cards for NASTRAN. Section 4 presents the results obtained by NASTRAN for
both benchmark problems. Section 5 briefly describes the computation with the
FEARS program and Section 6 presents the basic results of the computation.

2. THE BENCHMARK PROBLEMS
The two plane stress benchmark problems are illustrated in Figures 1 and
2. Figure 1 shows the domain and the load on the sides of Problem 1. Because
the domain is symmetric only the upper right hand shaded portion need be
considered. We shall give the values of the paranetéra later.
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Problem 2 uses the same configuration as problem 1 but with a crack in

the vertical direction. The length of the crack,), is %{h—r). See Figure 2.
A detailed justification for the selection of these two problems will be given
in a forthcoming report. The present investigation discusses the FEARS
program with respect to the presence of singularities in the geometry and the
solution. Problem 1 clearly degenerates as r approaches h, and Problem 2 has

; a singular solution at the tip of the crack. Both Problems 1 and 2 are plane
stress problems where E, Young's modulus of elasticity, is 3.0 x 107 and v,
Poisson's ratio, is 0.3. These two problemes are discussed individually in
more detail.

Problem 1.
The following parameters were used
h =]
L =6
P = 1 (normal stress)

The solution to problem 1 consists of the displacement vector

(u,0)7T

S _[cxx ny]
(o}
xy Iyy,

The problem is to find the solution (u,v)T with sufficient accuracy with

and the tensor of stresses

respect to the energy norm and the stress concentration factor I of the stress

o _ where
xx
max o
xX
T =
Ph_
h-r
Problem 2.

] Problem 2 has the same geometry as Problem 1, but with a crack of length
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A. The following parameters were used
h=1
L =6
p = 1 (normal stress)
r=,7
A= .15

The problem is to find the solution (u,v)T and the stress intensity
factor, Kl, with sufficient accuracy. Kl is the coefficient of the principal
singular part of the solution.

As before the problem involves the energy € and a constant, Kl’ the
stress intensity factor, defined to be the coefficient of the first singular
term of the solution at the tip of the crack.

For more information on the following formulas the reader is referred to
Pu, Hussain, et al. (2] and chapter 2 of Morosov and Nikischov [3]. The
golution is singular at the tip of the crack., If we introduce polar coordi-
nates as shown in Figure 3 we obtain

Figure 3. Polar €e rdinate Scheme for Problem 2
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K, re
1,4z (2)
v E‘ﬁ' Fv(e)
where
0 20
pu(e) sinf(x + 1 - 2cos -E) (3)
0 20
rv(e) = cosz(x - 1 + 2sin 2) (4)
nd G = =L—— 1s the sh odul
a 20+ V) 8 the shear modulus.
In the case of plane stress
3 -v
K=1+v
These formulas allow us to compute Kl in different ways. If O is (0,0)
and A = (Lsin@,Lcos @) then we can appropriate Kl by
v - 26¥Du@) - (o]
i (5a)
B NO!
or
2oem [v(a) - v(o)]
Kl - = .
VE-FV(G) (5b)

Here (u(0),v(0)) is the displacement of the tip of the étack and (u(L),v(L))
is the displacement of the grid point A located a distance L from the tip of
the crack and where the displacement vector makes an angle 9 with the y-axis,
as shown in Figure 3.
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Alternatively, another term can be added to the expansion of (u,v), that
is

u = Cl + CZVr + 031: (6a)
v = Ca + Csvr + C6r (6b)

where the Ci are functions of @. If two collinear grid points make an angle 0

with the y~axis, and they are located at distances L and £L (where 0<£<1)

K. = e Var) R - gu(w-(1 - £1u(o])
! (\,’&_- E)\/I'._ F,(0)

(7a)

or

e 2o VPv (g - B - 1-) v]
1
(Ve - ENT = (o)

(7b)

Finally Kl can also be computed by the energy method. When the energy
e of the solution is a function of the length of the crack A then

ce. L (8)

However, this computation requires a second finite element model where the
crack length has been changed by an amount d)\.

3. DESCRIPTION OF NASTRAN COMPUTATION
A plane stress problem is input to NASTRAN via the "bulk data deck"
consisting of the grid, connection, force, constraint, and material properties
cards. The geometry of the problem is specified on the grid and connection
cards which must adhere to a rigid format decreed by NASTRAN. Since preparing
these cards by hand i1s both tedious and laborious a computer program, DCNEW,
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(a data generator) was written to generate the mesh from which these grid and
connection cards are produced. Often the data generator is a fairly complicated
program in its own right as in the present case.v

The data generator DGNEW generates the meshes for both problems 1 and 2.
The parameters Nl, Nz, r, h, £, a, and KK are read from tape 5 in free format.
N, is the number of partitions of side AB of subdomain Ql (Figure 4b), and N

1
is the number of partitions of side HG of subdomain 93 (Figure 4d). r 18 the

2

radius of the arc of the circle in subdomain nl (Figure 4a). h is the length
of side HG of subdomain 93 (Figure 4a)., L is the length of side BDH (Figure
4a). o is the desired aspect ratio. If the value of the last parameter KK is
zero then it is assumed there is no crack. Otherwise the crack begins at the
node specified by the value of KK. DGNEW generates card images of the appro-
priate grid, connection, force, and constraint cards. A listing of DGNEW
which utilizes quarter points for the crack tip of problem 2, is given in the
appendix to this report.

The NASTRAN data deck also contains control cards pertaining to the
computation and to the printing of output. These cards must also adhere to a
specified NASTRAN format.

The NASTRAN IS2D8 element was used for these computations. It is the
usual two-~dimensional, quadratic, isoparametric, plane stress element with
eight nodes, a so-called "serendipity"” element. Stresses at the nodes are
extrapolated from stress computed on 3 x 3 array of Gauss integration points.
Elements of this type are of degree 2, that is, for a smooth solution and
uni form meshes whose elements are squares with side h the rate of convergence
in the energy norm is O(hz) = -ii)where N is the number of degrees of freedom.

For Problem 1 only elementJ‘of this "serendipity” type were used. For
Problem 2 two different meshes were used. The first mesh consists entirely of
"gserendipity” elements as described above. The second mesh consists of the
same "serendipity” elements except for those two elemets which have had the
“midpoints” of their two sides adjacent to the vertex (which is the tip of the
crack) changed into “quarter points”. That is, on the two sides of these two
elements which intersect at the tip of the crack, the "midpoints” are now
located only a quarter of a length of their side away from the tip of the
crack, instead of half the length of their side. We shall refer to these

elements as "quarter-point 'serendipity'"” elements.

7
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The mesh generator constructs a mesh for Q using the physical domensions

(r,g,h) of the domain Q pictured in Figure 4a, the prescribed number of left

and right
specified
mesh, two
from this
subdomain
domain 93

partitions, NI (Figure 4b) and Nz (Figures 4c and 4d), and the
aspect ratio a for the elements. In the course of generating this
other integers (N3, Nd) and a real number q (r{q<{L) are computed
input data. N3 is the number of partitions of the side BD of

Q, (Figure 4b). N

(Figure 4d).

is the number of columns of elements in sub-
These

4

q is the magnitude of side BD of subdomain nl.

nine parameters (r, £, h, Nl‘ NZ’ o, N3, Na. and q) completely describe the
mesh constructed for Q. The original domain @ is then subdivided into three

as shown in Figure 4a. The subdomains are Q, =

subdomains “1’ 92, and 93 1

ABCD, 92 = CDFE, and 93 = FDHG.
The mesh of Ql is shown in Figure 4b, The side BD is divided into N3

intervals, thus determining N3+l grid points. (The method for determining N

and q is described later {n this section.) The arc AC is divided into N

3

3
non-uni form intervals determined by the N3 angles ¢1, wz....wNs and has N3+2

grid points along it determined by the intervals. The respective grid points

on BD and AC are connected by straight lines which in turn, are divided into

N. equal intervals thus determining N +1 grid points along each line. The

1

mesh of Ql

The angles wl,wz,...wn and N3 are chosen such that the aspect ratio of

1
is determined by these (Nl+1)(N3+l) grid points.

any element is approximately a. The procedure is as follows:

_— L a
~ AB (o)
o =(_)u._
i Nl Nl

2.

~ i
rw = —e——
1 Nl

where 2, is the approximate length of the line segment connecting the

i

respective grid points on AC and BD. is given by the formula

Ly

i
v [
};1\») (2-2)
2’1 = EO + B .
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Figure 4a ~ Partition of Domain Q
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Figure 4b - The Mesh of Subdomain nl
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Figure 4c - The Mesh of Subdomain 92
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Figure 4d ~ The Mesh of Subdomain 93
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vhere ¢ = CD is defined by
(r + L)cosB = h

and
20 = AB = h"'ro

1f Yi is defined as *1 + Wz +...$1 then for some integer j there will
W3 which will be —ﬁ vhere g 18 the radial angle of subdomain Ql in Figure 4b.

1f N3 is the smallest integer jo for which this is true, the angles wi are

obtained by scaling down the $1 thus
Wi =y;&

The mesh in 92 is shown in Figure 4c. The sides EC and FD are divided

into N2 equal segments. The respective grid points on each side are connected
by straight lines each of which, in turn, is divided into N
giving (Nl+l)(N2+l) grid points for the mesh of ﬂz.

of the elements in deeternines g« The angle Y is obtained by solving

h
tan ¥y = N
r + (ry) (__1_ )u
Ny
is shown 1in Figure 4d. Nb’ the number of equal partitions

1 equal parts,

The required aspect ratio

The mesh of 93
of both sides FG and DH, is determined by the aspect ratio a thus

e )
4 2
a2
4

Since the sides FD and GH are both divided into N2 equal parts, there are
(N4+l)(“2+l) grid points for Q4 which, in turn, determine a uniform
rectangular mesh for 93.

The elements determined by the grid pointe of the mesh of Q are
isoparametric with eight grid points; the mid-points are located in the middle
of the sides. When the side of an element is a circular arc, arc length is

used to locate the mid-point.

11
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Table 1 presents the various meshes (mumber 6f elements and grid points)

generated for one value of r (.999) with different aspect ratios and several

choices of N, and N, to show the dependence of the number of elements and DOF

1 2

on the parameters. The Table 1 coluzn headings are identified as follows:

I is the line number of the table
K 1is the microfiche identification number for the particular NASTRAN run
a is the aspect ratio

Nl is the number of the left hand partitions

N2 is the number of the right hand partitions

an is the number of elements in the first subdomain 2,

an is the number of elements in the second subdomain 92

NQ3 is the number of elements in the third subdomain 93
No i8 the total number of elements in the domain

GP is the total number of grid points (nodes)

DOF is the number of degrees of freedom

TABLE 1 - MESHES GENERATED FOR R = 0.999 IN;PROBLEH 1

I K a N, N, No, N, N, Ng GP DOF

1 8 1.5 4 3 96 12 24 132 475 916
2 9 1.5 6 4 198 24 44 266 907 1766
3 10 1.5 8 5 336 40 70 446 1477 2892
4 17 1.0 12 8 1068 96 266 1428 4569 9022
5 18 1.0 8 5 480 40 100 620 2047 4020
6 19 1.0 4 3 132 12 362 186 645 1248
7 20 .15 12 8 1188 96 352 1636 5235 10332
8 21 .5 8 5 792 40 200 1032 3401 6688
9 22 .3 8 5 792 40 330 1162 3843 7520

Figure 5 shows a sample mesh for Problem 1.

Figure 5 -~ A Simple Mesh for Problem 1

12
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4. NASTRAN RESULTS

In the solution of the two benchmark problems using NASTRAN, as shown
schematically in Figures 1 and 2, h= ], 2 = 6, p = 1, and r was varied. The
results for Problem 1 are given in Table 2. The meanings of the column
headings are as previously defined with the following additions:

R 18 the radius of the circle whose arc is a side of domain Q.

SCF is the stress concentration factor I previously defined in the
text.

CP is the CYBER 7400 central processor time. (The CYBER 7400 is
essentially a CDC 6600.)

The asterisks on some of the stress concentration factors in Table 2 mean
that the maximum stress did not occur at the expected place (0,xr) for that
NASTRAN solution.

The scheme of Problem 2 is given in Figure 2, and the parameters used
were h= 1, 4=6, p=1, r=.,7 and A = .15. As noted before, Problem 2 was
solved in two different ways, that is, with and without quarter-~point
elements. These results are presented in Tables 3a (all "serendipity”
elements - no quarter~point elements) and 3b (all “"serendipity” elements
except for the two elements that have the tip of the crack for a vertex -
these are quarter-point elements). The column heading KK refers to the grid
point (node) at which the tip of the crack is located. OMAX
stress which 18 located at the tip of the crack. The other headings were
previously defined. It should be noted that the exact stresses are infinite

is the maximum

at the tip of the crack. Table 3c presents the results when the tip of the
crack for run 3S in Table 3b is perturbed from (0.,.85) to (0.,.868750).

As stated in Section 2, the stress intensity factor Kl can also be
computed by the energy release method of Equation 8. To make use of this

procedure the y-coordinate of the tip of the crack was perturbed from y = .85

(run 3S) to .868750 (run 4S) and Problem 2 was solved with NASTRAN for N1 =
16, N2 = 12. This perturbation of the y-coordinate was easily effected by
taking the value of the KK parameter of the data generator DGNEW to be 19,
thus putting the tip of the crack on the extreme left hand grid-point common

13
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TABLE 2 -~ PROBLEM 1 RESULTS
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1.0 2,177 1.1341 3451 1084 6714 1013
1.0 2,145  1.2247 261 70 476 71
1.0 2.136  1.2249 935 278 1778 214
1.0 2.129  1.2249 3575 1126 6966 1009
1.0 2,107  1.3746 289 78 532 76
1.0 2,100 1.3748 993 296 1896 227
1.0 2.097  1.3748 3749 1180 7318 1124
1.5 2,078  1.6499 234 63 432 72
1.0  2.076  1.6501 306 83 568 88
1.5 2,074  1,6503 421 120 792 126
1.0 2.072  1.6504 1077 320 2066 307
1.0 2.071  1.6505 4073 1284 7970 1796
1.0 2.061  1.8943 320 87 596 91
1.0  2.058  1.8948 1155 346 2222 327
1.0 2.057  1.8948 4335 1368 8496 1919
1.0 2.045  2,3146 348 95 652 101
1.5 2,046 2.3149 467 134 886 139
1.0 2.043  2.3155 1239 372 2392 353
1.0 2,042  2.3156 4647 1468 9122 2105
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TABLE 2 (continued)
7

I K R Nl N2 a SCF SE x 10 GP Ng DOF CcP
36 4 0.95 4 3 1.5 2.024 3.2750 293 80 552 86
37 31 0.95 4 3 1.0 2.024 3.2794 404 111 764 110
38 13  0.95 6 4 1.5 2.024 3.2802 547 158 1046 162
39 32 0.95 8 6 1.0 2.024 3.2824 1395 420 2704 403
40 33 0.95 16 12 1.0 2.024 3.2827 5209 1648 10248 2464
41 5 0.98 4 3 1.5 1.996 5.1580 335 92 636 97
42 34 0.98 4 3 1.0 2.006 5.1904 449 124 856 119
43 12 0.98 6 4 1.5 2.006 5.1939 627 182 1206 187
44 15 0.98 8 5 1.0 2.010 5.2105 1388 417 2700 459
45 35 0.98 8 6 1.0 2.010 5.2113 1583 478 3082 465
46 36 0.98 16 12 1.0 2.010% 5,2130 6021 1908 11874 2087
47 6 0.99 4 3 1.5 1.950 7.1511 363 100 292 104
48 58 0.99 4 3 1.0 1.983 7.2817 491 136 940 113
49 7 0.9 6 4 1.5 1.984 7.2923 687 200 1326 204
50 11 0.99 8 5 1.5 1.997 7.3459 1113 334 2164 356
51 59 0.99 8 6 1.0 2.004 7.3789 1765 534 3446 417
52 16 0.99 12 8 1.0 2.004%  7.3853 3467 1080 6818 1600
53 8 0.999 4 3 1.5 1.319% 17.2194 475 123 916 135
54 19 0.999 4 3 1.0 1.484 18.5617 645 180 1248 182
55 9 0.999 6 4 1.5 1.365 18.5919 907 266 1766 273
56 10 0.999 8 5 1.5 1.635% 19,9331 1477 446 2892 492
57 18 0.999 8 5 1.0 1.807 21.5183 2047 620 4020 618
58 21 0.999 8 5 0.5 1.915% 22,6040 3401 1032 6688 1200
59 22 0.999 8 5 0.3 1.940* 22.5819 3843 1162 7520 1400
60 17 0.999 12 8 1.0 1.928% 22.8096 4569 1428 9022 1876
61 20 0.999 12 8 0.75 1.950% 23,0445 5235 1636 10332 2295

*For these NASTRAN solutions the maximum stress did not occur at the expected
place (o,R).
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TABLE 3 - PROBLEM 2 RESULTS

a. "SERENDIPITY" ELEMENTS

7

K KK N N a  9Max SE x 10 GP No DOF  CP
1 1 17.345 1.61776 289 78 53 76
9 1 23.853 1.63167 993 296 1904 227
17 16 12 1 33.832 1.64043 3749 1180 7334 1123
b. TWO QUARTER-POINT "SERENDIPITY" ELEMENTS*
K KK N KN, o %Mx SE x 100 ¢p Ng  DOF CP
Is 1 73.936 1.64582 289 78 536 76
2 9 8 6 1 94.836 1.64769 993 296 190 227
38 17 16 12 1 131.71 1.64869 3711 1168 7260 1106

c. TWO QUARTER-~POINT “SERENDIPITY" ELEMENTS AND PERTURBED TIP OF CRACK

@  omx SEx 100 e N

DOF cp

48 19 16 12

1 46.123 1.71764 3711 1168

7262 1106

* A very minor change in the algorithm for a in the data generator added an
extra tier of 12 elements in the second subdomain for the third solution of

Table 3b.
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to elements 9 and 10. Runs 35S and 4S gave 4.69723 as the value of Kl from
Equation (8).

The stress intensity factor Kl has also beén computed by fitting the
singular behavior of the solution at the tip of the crack. Here Equations (1)
and (2) were used to obtain Equations (5) and (6) which can be used for
various choices of grid points and angles 0. Figure 6 shows the numbering
scheme used for these grid points in the computation of K1.

Figure 6 - Numbering Scheme for Computation of K1

Table 4 gives the coordinates (in columns headed X and Y) and the
displacements (in columns headed Ul and Uz) of the grid points (in column
headed PT) required to compute Kl’

The results from Problem 2 are presented in Tables 5 (all "serendipity”
elements) and 6 (two quarter-point elements). In these tables the column
headings I and © refer to r“(e)(r = 1) and Fv(e)(I = 2) where O is the angle
of Figure 3. The grid point or points used are listed under the PT or PTS
heading, depending on whether the one-point formula, Equation (5), or
two~point formula, Equation (7), is used. For the two-point formula the ¢
column heading gives the ratio of the distance of the closest point to the

furthest point. The values of Kl are listed under the Kl heading.

17
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TABLE 4 - COORDINATES AND DISPLACEMENTS REQUIRED
TO COMPUTE THE RESULTS OF PROBLEM 2

a. ALL "SERENDIPITY" ELEMENTS, N, = 4, N, = 3
PT X Y U x 108 v x 107
4 0.0000 0.7750 6.5910 -2.2387
3 0.0000 0.8125 4.0986 -2.2318
0 0.0000 0.8500 0.0000 -2.2095
5 0.0000 0.8875 0.0000 -2.1496
6 0.0000 0.9250 0.0000 -2.0995
1 1.0424 0.8494 1.8248 -2.0111
2 2.0847 0.8488 3.2685 -1.8624
b. ALL "SERENDIPITY" ELEMENTS, N , = 6
PT X Y U x 108 v x 107
4 0.0000 0.8125 4.6015 ~2.3021
3 0.0000 0.8313 2.8135 ~2.2906
0 0.0000 0.8500 0.0000 -2.2710
5 0.0000 0.8688 0.0000 -2.2245
6 0.0000 0.8875 0.0000 -2.1784
1 0.0265 0.8498 1.5205 -2.1175
2 0.0530 0.8495 2.6420 ~2.0149
c. ALL "SERENDIPITY" ELEMENTS, N, = 16, N, = 12
PT X Y leO8 ‘JxlO7
4 0.0000 0.8313 3.2419 ~2.3407
3 0.0000 0.8406 1.9829 ~2.3298
0 0.0000 0.8500 0.0000 ~2.3133
5 0.0000 0.8594 0.0000 ~2.2770
6 0.0000 0.8688 0.0000 ~2.2395
1 0.0138 0.8499 1.1071 ~2.2058
2 0.0276 0.8499 1.9128 ~2.1407

18
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TABLE 4 (Continued)

d. TWO QUARTER-POINT"SERENDIPITY" ELEMENTS, N = 4, N, = 3
T X Y U x 108 v x 107
4 0.0000 0.7750 7.2988 -2.3260
3 0.0000 0.8313 3.4097 -2.3460
0 0.0000 0.8500 0.0000 -2.355]
5 0.0000 0.8688 0.0000 -2.2649
6 0.0000 0.9250 0.0000 -2.1944
1 0.0216 0.8497 1.7230 ~2.1774
2 0.0863 0.8488 3.7172 -1.9273
e. THO QUARTER-POINT "SERENDIPITY" ELEMENTS, N, = 8, N, = 6
PT X Y U x 108 v x 10’
4 0.0000 0.8125 5.0238 -2.3529
3 0.0000 0.8406 2.3685 -2.3590
0 0.0000 0.8500 0.0000 ~2.3700
5 0.0000 0.8594 0.0000 -2.2995
6 0.0000 0.8875 0.06000 -2.2354
1 0.0135 0.8499 1.3565 -2.2297
2 0.0540 0.8495 2.9315 -2.0542
f. TWO-QUARTER-POINT "SERENDIPITY" ELEMENTS, N, = 16, N, = 12
PT X Y U x 108 Vv x 107
4 0.0000 0.8313 3.4982 -2.3673
3 0.0000 0.8453 1.6639 -2.3673
0 0.0000 0.8500 0.0000 -2.3755
5 0.0000 0.8547 0.0000 -2.3234
6 0.0000 0.8688 0.0000 -2.2711
1 0.0070 0.8500 0.9697 -2.2740
2 0.0281 0.8499 2.0931 -2.1623
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TABLE 5 - PROBLEM 2 RESULTS (ALL "SERENDIPITY" ELEMENTS)

a. ONE POINT FORMULA RESULTS (5)

K

1
PT I e = = = = = =
N,=4,N,=3 N =8,N,=6 N =16,N-12
3 1 3.14159 3.86277 3.97900 3.85003
4 1 3.14159 4.46716 4.52453 4.4589]
1 1 1.57080 3.67993 3.49180 3.71401
2 1 1.57080 4.52145 4.42238 4.53724
1 2 1.57080 3.71509 3.79737 3.60747
2 2 1.57080 4.38273 4.69706 4.09439
5 2 0.00000 1.82550 1.66087 2.01358
6 2 0.00000 2.56794 2.15704 2.89432
b. TWO POINT FORMULA RESULTS (7)
K
PIS 1 ® : 4 =8 1-6 N.=16.N.=12
N;=4,N,=3  N§,=8,N,=6 N,=16,N,
3,6 1 3.14159  0.50000 2.40364 2.66199 2.39939
1,2 1 1.57080 0.50000 1.64831 1.24517 1.72656
1,2 2 1.57080 0.50000 2.10324 1.62532 2.43196
$,6 2 0.00000 0.50000 0.03308 0.4630 -.11251
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TABLE 6 ~ PROBLEM 2 RESULTS (TWO QUARTER-POINT "SERENDIPITY" ELEMENTS)

a. ONE POINT FORMULA RESULTS (5)

K

1
T e = = = = =
P I N1=4,N2-3 Nl 8,N2 6 N1 16,N2 12
3 1 3.13159 4.68128 4.59875 4,.56916
4 1 3.14159 5.81036 4.87721 4.80282
1 1 1.57080 4.62042 4.59608 4.55982
2 1 1.57080 4.98413 4.96620 4.92133
1 2 1.57080 4.76799 4.81492 4,.77368
2 2 1.57080 5.73636 5.34991 5.01356
5 2 0.00000 3.53653 3.91476 4,08655
6 2 0.00000 3.15213 3.73316 4.09673

b. TWO POINT FORMULA RESULTS (7)

PTS I 8 £ ! - -
N1=4,N2=3 N188,N256 Nl 16,“2 13
3,4 1 3.14159 0.25000 4.35219 4.32029 4,33553
1,2 1 1.57080 0.25000 4,.2567L 4,.22597 4,19831
1,2 2 1.57080 0.25000 3.79162 4.27994 4,53379
5,6 2 0.00000 0.25000 3.92093 4.09636 4.07637
21




5. DESCRIPTION OF FEARS COMPUTATION

Because, unlike NASTRAN, the FEARS program has a built-in data generator,
the input to FEARS consists merely of the basic data of the particular problem
to be solved:

. the description of the domain and the type of boundary conditions

. the coefficients of the pertinent partial differential equation of

plane elasticity

. the type of error norm used

. the type and amount of output desired.

The error norm used was the simplest one possible, i.e., the energy error
norm Lq for ¢ = 2 and q = ®, The input parameter p set to 1.0 specifies the
L, norm; p set to 0.0 specifies the L, norm. In the present case of plane

2
stress the strain energy density is defined as

=1 [42 2 _ 2 (9)
{] >R [oxx + ny Zyaxxoyy + 2(1+Y)axy]
where
s - E_ [22 .y 3!] (10a)
XX 1—72 ox 3y
- E [, 2
%yy 142 [ay ty ax] (10b)
N )
oxy 1‘Y2 [ay +tY ax] (10c¢)

The energy norm of the solution s = (u,v)T with respect to the L2 norm is
defined by

b
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and the energy norm of s with respect to the L» norm by

12
sllg.,, = [0%]1,, (1

If e = (el,eZ)T is the difference between the exact and the finite element
solution, the two energy error norms are given by Equations (11) and (12)
respectively.

FEARS uses elements of degree 1, that is for uniform meshes of size h and
a smooth solution the rate of convergence in the energy norm is O(h) = 0(%)

where N is the number of degrees of freedom.

6. FEARS RESULTS

In Problem 1 the user partitions the domain {2 into a set of two-
dimensional subdomains which are "curvilinear rectangles”. The particular
choice of the 2-D subdomains can influence the solution in some way because it
can affect the aspect ratios of the elements of the mesh. This partition is
characterized by the coordinates of the vertices, the curvature of the lines
joining the vertices, and the numbering of these vertices, lines, and sub-
domains. Figure 7 shows the partition of the domain Qused for r = .98, The
vertices are identified by numbers in circles, the lines connecting the
vertices by ordinary numbers, and the subdomains by numbers in squares. The
coordinates of the vertices are given in Table 7.

The FEARS program then constructs adaptively a series of meshes with
respect to the error norm selected. The FEARS program at present provides the
stresses in the middle of the elements, and the stress concentration factor,
SCF, is computed according to the choice of the'L2 (p=1.0) and Ly (p=9.0)
energy error norms, respectively. In Table 8 the data for the next-to-last
and the last partitions are listed under the column headings "FIRST MESH" and
"SECOND MESH". The partition described under column heading "THIRD MESH" was
adaptively constructed but not computed due to program limitations.

Table 9 presents the energy error norm and the error in the stress

concentration factor (SCF) for solutions computed in the L, adaptive mode, the

2
L_ adaptive mode, and the solutions computed using uniform meshes. Again the

23
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TABLE 7 - COORDINATES OF THE PARTITTION OF DOMAIN @ FOR PROBLEM 1

i %

I X Y

1 0.0000 1.0000
2 0.1000 1.0000
3 0.2500 1.0000
4 0.5000 1.0000
5 1.0000 1.0000
6 2.0000 1.0000
7 3.5000 1.0000
8 6.0000 1.0000
9 6.0000 0.0000
10 3.5000 0.0000
11 0.9800 0.0000
12 0.6930 0.6930
13 0.4383 0.8765
14 0.2377 0.9507
15 0.0975 0.9751
16 0.0000 0.9800

TABLE 8 - MUMBER OF ELEMENTS IN THE PARTITIONED DOMAIN
WITH RESPECT TO BOTH THE ADAPTIVE L2 AND L. MODES

Index of
2-D Subdomain Number of Flements {n That 2-D Subdomain
FIRST MESH SECOND MESH THIRD MESR*
L2 L, L2 L, L2 L,
1 55 148 202 154 751 559
2 52 31 139 76 511 76
3 64 37 256 73 682 103
4 67 16 238 16 841 16
5 61 16 148 16 349 16
6 31 16 67 16 202 16
7 16 16 16 16 16 16
Total number
of Elements 346 280 1066 367 3352 802
DOF 782 636 2242 792

* Both of the meshes under the third mesh heading were adaptively
constructed but solutions were not computed due to program limitations.
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TABLE 9 - ERRORS IN THE ENERGY NORM AND THE STRESS CONCENTRATION FACTORS

a. FOR MESHES CONSTRUCTED IN THE ADAPTIVE L, MODE

2

R
wom or e Nellp, Mol mon s

ELEMENTS 7y |
x 10° ’ x 100

x 100
346 782 1.1119 15,39 0.0922 4 .58%
1066 2242 0.6476 8.96% 0.0325 1.62%

b. FOR MESHES CONSTRUCTED IN THE ADAPTIVE L, MODE

NUMBER OF DOF Hellg,, ellg, ERROR SCF_ERROR
’ IN SCF SCF
ELEMENTS ulle 5
x 104 . x 100
x 100
136 342 1.8876 26,14 0.1625 8.08%
280 636 1.6874 23.36 0.0931 4.63%
367 792 1.5875 21.98 0.0501 2.49%
c. FOR UNIFORM MESHES
ell ERROR SCF_ERROR
NMBER OF  DOP Hellg,, %{—%1513- N acp  — SCF
ELEMENTS 4 Ullg,2 x 100
x 10 x 100
112 290 1.9647 27.21% 0.3208 15.962
448 1026 1.0866 15.05% 0.1077 5.36%
26
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stress concentration factors are computed by extrapolation from stresses in
the center of the elements.

The energy error norm Ilelln.2 car be easily computed if the exact energy
is known. If CEXACT 1s the exact energy and ¢ is the energy of the Finite

Element solution, then

2
“e“a,z * €gxact ~ ¢

When the NASTRAN and FEARS results are extrapolated to the limit T

EXACT
= 5.2130150 x 10 7. Similarly by extrapolation to the limit we obtain
-
SCFEXACT = 2.0106. (The tilde notation indicates the extrapolated values of

EEXACT and SCFEXACT')

Table 10 gives the error estimators for the energy norm § e IE with
respect to the adaptive Lz mode and for uniform meshes.

Table 11 gives the error estimators, scaled in the same way as the stress
concentration factors, for the stress concentration factors with respect to
the L, norm and for the stress concentration factors for uniform meshes.

For consistent comparison the error extimator for the L, energy norm must
be compared with the actual error measured in the norm. Table 12 shows the
actual errors in the energy at the point (0,.98) and the error estimators with
respect to the adaptive L_ mesh and for uniform meshes, although the maximal
error has not necessarily occurred at this point.

Figure 8 shows a partition of the domain @ for Problem 2. As in Problem
1, the vertices are identified by numbers in circles, the lines by ordinary
numbers,and the subdomains by numbers in squares. The coordinates of the
vertices are given in Table 13. The FEARS program requires that a vertex be
placed at the top of the crack.

Because the stresses are infinite at the tip of the crack, the only
adaptive mode that could be used is that of the L2 energy norm. By
extrapolation as before the exact energy of the solution was found to be
1.649701 x 10-7. The energy release procedure for computing the stress
intensity factor Kl’ using Equation (8) with respect to the L2 norm, requires
adaptivity with respect to that nomm.

a
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TABLE 10 ~ ERROR ESTIMATORS AND THE ACTUAL ERROR IN THE ENERGY NORM

a. FOR MESHES CONSTRUCTED IN THE

ADAPTIVE L, MODE

2
Ile'lz 2 Q= Estimator
Number of FElements DOF . Esc!uaior e
x 10 x 10 E,2
346 782 1.1119 1.0657 0.9584
1066 2242 0.6476 0.6461 0.9977
b. FOR UNIFORM MESHES
Ilell { Estimator
. B.z 8=
Number of Elements DOF 4 Eltilltgt o,
x 10 x 10 ’
112 290 1.9647 1.6878 0.8591
448 1026 1.0866 1.0293 0.9472

TABLE 11 - ERROR ESTIMATORS FOR THE STRESS CONCENTRATION FACTOR

AND THE ACTUAL ERROR

a. FOR MESHES CONSTRUCTED IN THE ADAPTIVE L. MODE

- Estimator

Number of Elements DOF Error in SCF Estimator 8 Error in SCF

136 342 0.1625 0.3251 2.0006

280 636 0.0931 0.2090 2.2448

367 792 0.0502 0.1886 2.6617

b. FOR UNIFORM MESHES
Estimator

Number of Elements DOF Ecror in SCF Estimator Ertor im SCF

112 290 0.3208 0.5251 1.6369

448 1026 0.1077 0.3462 3.2144

28
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TABLE 12 - MAXIMAL ERRORS IN THE ENERGY AND THE ERROR ESTIMATES

a.

FOR MESHES CONSTRUCTED IN THE ADAPTIVE L » MODE

3 3 Estimator
Number of DOF Actual Error x 10 Estimator x 10 0 = ﬂ_eTl_”_
Elements E,»
136 342 2.2618 2.0987 0.9279
280 636 1.2365 1.3493 1.0913
367 792 1.1976 1.2172 1.0164
b. FOR UNIFORM MESHES WITH RESPECT TO L
Egtimat
Number of DOF Actual Error x 103 Estimator x 103 0= Tf:TT—~2£
Elements E,®
112 290 3.9371 3.3896 0.8609
448 1026 2.4662 2.2349 0.9062

TABLE 13 - COORDINATES OF THE PARTITION
OF THE DOMAIN Q FOR PROBLEM 2

1 X Y
1 0.0000 1.0000
2 0.2000 1.0000
3 0.8000 1.0000
4 2.0000 1.0000
5 6.0000 1.0000
6 6.0000 0.0000
7 0.7000 0.0000
8 0.4373 0.5466
9 0.3131 0.6261
10 0.1373 0.6864
11 0.0000 0.7000
12 0.0000 0.8500
13 0.1667 0.8335
14 0.3801 0.7603
30
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TABLE 14 - ERROR ESTIMATORS FOR MESHES CONSTRUCTEE IN THE ADAPTIVE L, MODE

2

e
Step  Mumber of Elements in 2-D's  Mumber of DOF ¢ x 10° Iellg , ellg,, o = Estimatar
Elements 4 Ullg,2 ellg 2

1 2 3 4 5 6 7 x 10 x 100 ’
1 16 16 16 16 16 16 16 112 274 0.1569 0.8975 22.092 0.6881
2 16 19 16 16 16 19 19 121 286 0.1579 0.8405 20.692 0.8019
3 19 19 16 16 16 19 19 124 292 0.1583 0.8152 20.07% 0.7953
4 22 25 16 16 16 43 34 172 376 0.1604 0.6796 16.732 0.8776
5 25 25 16 16 16 45 34 175 382 0.1606 0.6631 16.33% 0.8756
6 40 37 34 16 31 64 46 268 566 0.1623 0.5177 12.74% 0.9323
7 43 37 34 16 31 64 46 271 572 0.1624 0.5063 12.46% 0.9350
8 55 46 46 16 43 67 58 331 6§74 0.1628 0.4611 11.352 0.9473
9 58 46 46 16 43 67 58 334 680 0.1629 0.4547 11,192 0.9493
10 187 112 160 16 145 238 166 1024 2024 0.1643 0.2647 6.51% 0.9626
11 187 118 160 16 145 238 166 1030 2034 0.1643 0.2599 6.402 0.9878
12 190 118 160 16 145 238 166 1033 2040 0.1643 0.2568 6.33% 0.9900
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Several versions of Problem 2 were solved. In the basic case, the tip of
the crack was placed on the nodal point with coordinates (0.,.85). Other
cases were obtained by varying the y~coordinate of the tip of the crack from
.85. (In the FEARS input this perturbation is effected by changing only one
number . )

The presence of the singularity causes a special situation in the
following sense. The construction of a completely optimal mesh sometimes
involves the refinement of a very small number of elements (possible only one)
at one step of the FEARS prccedure. This situation could be avoided by using
another FEARS command which increases the number of elements to be refined
essentially without additional computer cost.

Table 14 shows how the sequence of meshes was created when complete
optimality of the meshes was desired. Table 15 gives the basic results for
the Finite Element solutions of Table 14.

Tables 15a and 15b show other sequences of meshes adaptively constructed
by strategies which avoid a small increase in the number of degrees of freedom
during mesh refinement. These strategies consist of inserting two (Table 15a)
or three (Table 15b) so-called "short passes” as required into the usual
adaptive mesh refinement procedure. Table 16 shows the performance of the
uniform meshes.

The stress intensity factor is computed by the energy method which
requires the meshes to be the same, topologically speaking. The special
features of the FEARS program provide a means for obtaining consistent meshes.
The length of the crack can be increased very slightly by altering the
y-coordinate of the vertex at the tip of the crack. The meshes can be so
constructed in an adaptive manner as to produce the same mesh (topologi-
cally speaking) as before. The number of the adaptive steps used to con-
struct this second mesh depends on how much the crack length is increased. A
very small increase in crack length extends the number of admissible steps and
decreases the error caused by approximating the derivative by a difference,
but it also could increase the effect of round-off error.

Table 17 shows the maximal number of elements in the topologically
identical meshes for the basic case, the energy of the Finite Eler t

solution, and the growth of the error estimators.
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TABLE 15 ~ MESHES CONSTRUCTED IN THE ADAPTIVE L, MODE WITH

a.

CURTAILMENT OF SMALL REFINEMENTS

BY USE OF TWO SHORT PASSES BETWEEN LONG PASSES

2

Iellg
E,2
Step Number of Elements in 2-D's Number of DOF ¢ x 106 Il?“g’z u o - Istimatar
Elements 4 15’2 e E,2.
1 2 3 4 5 6 7 x 10 x 100
1 46 46 46 16 46 64 46 310 640 0.1616 0.5841 14.38% 0.7806
2 49 58 46 16 46 64 55 334 688 0.1624 0.5079 12.50% 0.8979
3 70 73 55 16 52 91 79 445 880 0.1632 0.4190 10.31% 0.9357
b. BY USE OF THREE SRORT PASSES BETWEEN LONG PASSES
6 [lell lellg,, Est imat
Step Number of Elemnts in 2-D's  Number of DOF e x 10 [le E,2 0= or
Elements 4 Utlg, 2 eilg 2,
1 2 3 4 5 6 7 x 10 x 100
1 46 34 16 16 25 55 37 229 474 0.1613 0.6094 15.002 0.9019
2 157 151 97 22 112 223 157 919 1740 0.1640 0.3099 7.63% 0.9713

TABLE 16 - ERRORS AND ERROR ESTIMATORS FOR THE UNIFORM MESHES

Hlell
=2
StepP Number of Elements in 2-D's Number of DOF £ x 106 IIeHE’z " 0= E’:mt“
Elements 4 » E,2.
1 2 3 4 5 6 7 x 10 x 100
1 16 16 16 16 16 16 16 112 274 0.1569 0.8975 22.09% 0.6881
2 64 64 64 64 64 64 64 448 994 0.1616 0.5809 14,29% 0.7197
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TABLE 17 - ENERGY AND ESTIMATED ERROR IN THE ENERGY WITH REFERENCE TO THE
LOCATION OF THE TIP OF THE CRACK FOR TOPOLOGICALLY IDENTICAL MESHES.

P L B2

Y Number of DOF €x 106 Error Estimator of the
Elements Error in the Energy x 108
0.8600 112 274 0.1601 0.4131
0.8400 124 292 0.1552 0.3900
0.8450 124 292 0.1567 0.4049
0.4860 124 292 0.1571 0.4079
0.8540 172 376 0.1617 0.3675
0.8492 271 572 0.1621 0.2224
0.8501 1030 2034 0.1643 0.0660

TABLE 18 - ENERGY AND COMPUTED ESTIMATE OF THE ERROR IN THE ENERGY
FOR THE CASE OF y = .85

6

Number of Elements DOF €X 10 Error Estimator of the
Error in the Energy x 10
112 274 0.1569 0.3814
124 292 0.1583 0.4206
172 376 0.1604 0.3557
271 572 0.1624 0.2240
1030 2034 0.1643 0.0659

TABLE 19 - STRESS CONCENTRATION FACTOR Kl COMPUTED BY THE ENERGY
RELEASE APPROACH

Estimator

Y Number of DOF Kl Estimator for 5 X 100
Elements the Error in K1 1
0.8600 112 274 4.3928 0.2116 4.81%
0.8400 124 292 4,3036 0.2082 4.83%
0.8450 124 292 4.3479 0.2116 4,86%
0.8460 127 292 4 3569 0.2122 4.87%
0.8540 172 376 4.5175 0.1916 4,24%
0.8492 271 572 4.5961 0.1337 2.90%
0.8501 1030 2034 4.7224 0.0365 W77%
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Table 18 gives the energy and the error in the energy for the meshes of
Table 17 for the basic case of y = .85.

Equation (8) 1is now used to compute the stress intemnsity factor l(l by
replacing the derivative with the one-sided difference. Table 19 gives the Kl

factors and the computed estimators for various values of y.
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APPENDIX - PROGRAM LISTING OF DATA GENERATOR

FRCGRAP JATAGL(INPUTOLTOUT,TACESSINPUT, TAPEGGUTAUT (TAPL 1, TAPE2,
Tu3z3,TAPw,TAPES)
CIMENSICN M(8)

HOLE FROZLEM DATA GENERATIR FOR NASTRAN

TauPEL1=5R]1D TAKDS
TAP=2=ELEMENT (T1I32%) CARD
TaPZS=2UNST~alNT (3302) CTAx
TAPZW=FQIR({I CARIS

adn

CIFENEIININZeL
SOFMUN QETA(31) 4 3I0EV I3

CIMINSIGN >N3 (322 FUINAT NO. €9%¢)
N3=nUN3E2 OF tLEMENTS IN X-UIRECTICM IN THIRC >US~UDPMAIN
CLaMUl AZ0T(culu)

CIMENSICA»2#N2el (565 FOIMAT NJ. 25u)
LOMCN L3401 ) 9132(51),F(61)

GIAZN3TIIN>A (SEE FU~AT NC.25 1)
W ANUMYER  OF <Lo™en T3 ARGULNL 4Rl 1o FIRST SU3=LCMLINY ¢ 1
COMMON TOFX(Lou ) o ThETAliuwwud o XL3Hdcee) oS

G717 POINT ~KmAYS
COMMON X (10000),Y(10000),NEWL10000)

ARRAY oIMENSICHS TC 3X CHECKEL .
JniB  NweghNyNIF NLIF3/30,1000,10000,20600/

INFUT JATA
N1=MUMBIx QF ELCKIATS ALONG Y-~AXIS OF FIRST SU3=-00ALIMN
NEZ=NU4BIR OF ZLIMENIS IN Y~DIRECTION IN THIRD SUB-DOHAIN
ks&ASIUS GF CIRGCLE
fzMc JeNT OF RIGHMT SIDE
Xes ENGTH OF 1CP SICE
Ax=aSPECT RATIC

v’ElJ(So'lNl.H?.i.H.XL.AQ.KK

IFIKK LT 2)IKK=2Y

wrlT5 (o493 Nl s M2y sHo XL AR IKK
FORPaTi1Xo®Ni o M2ena by XL o AP oKK2® 4211 0,4E25.84120)

ChETK N2

IF (N2 LZeNNC) GO TC 255 &
WRITS (9925060 S
FCAATLLX *42 TCO 216%) ¥ N
50 To 993 °¢0 &
IP10=1 o &

10 9P
1€1820 :
101=3 : a&y\f
15101211 :
CoSi=1,0 g
15102221 f\‘
It2scoNzel -
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fwl

150
151

15¢
15¢

Wit
«37
-3

257

25¢
*39
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X2h122%NY

XN1=HNL

ANZ=N2

NLFC =t ed

N2FGEN2# L
LIM12=2%N1ey
X2N232*%N2
FI=34161392053563733

IT:3aTZ FO¥ LLFHA

ANCIT=(P1/7130.0)%27.¢

€ 130 I=lsluuw

STORZ=ARS(XNL/XN2)*ANGITe1 .0

STORL=STCRE*(R/HI

ANGNEW=ATANZ2(1.0,STORE)

J=1

If (a0 (LARGIT=ANLIZRIZ7ANGIT) o€ e 8022 o0 TO 152
KNGIT=ANGNEW

akiTS (o4e151)

FO-MATCLHL /L X y®alFHa CI3 NOT CONVIRGZI fotet2E%)
LWl T2 £39

WE L T (D e153VALNGENCH W J

FO LT (3IX g AL FHAiNC JTIRATIONS =%,310.8,110)

DETZmMINE SUELIMAIM I

GAMMA=ANGNEW
LIZT=EXN1/XN2) *S*GAMFA*AR

FOIST=reJIST

LLFHAZATANZ (M4 R¢DIST)

XLZcR0z=H=R

XLA=SCiST/ZLIS (BLPHAD =R

XL.IFFxXLw=XL2ERO

TheTaAMz5%FI-ALPHA

THLTA(L) =00

XLE(1D=XLZERD

LO <37 [=2.100

wla)=EXL3MI-1) 7XNL) *AK
THETACLI=SHI) /7R ¢THETA(TI=1)

Nzl

IF (THITAL(I) LLTLTHETAM) 5O TO W36

33 T 634

XX=TH-ZTALIY/ZUTHITAMSTAN( AL FHA)Y)

XCSLII=3GRT UL XX == SIMTHETBULI) )I® 224 (H=R¥*CCSITHETA(I)))**2)
SQNTINGC

«F (NJLZJNN) GG TO 256

nhaTE €5,E57)

FOFMAT(1Xs*TOPXsTHETA4XLSy ANC S CINMENSION TOQO SMALL®)
%3 TO 933

SCALEF=THETAM/TRETA LM

U0 43S I=iN

THETA (I ) =SCALEF*THETA])

TGFXN=KOIST oot
O 440 I=i,N a0%°

SN
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OO0

Lu0

323
324

825

350
351

TOFPX{IN2tTHETALII/THETAMY *TOP XN
SUGCOMAIN I

1F=0

NEWIP=C

ol 5.0 L=1.N
XIF2SINCTHITA(LIE®R
YIrs3CoaTrFTA(L))*2
KINZ=2LT2P44L) = XIP)/XENY
YIS~ YIF) /X2NY

2C 339 I=1,.1M12

IF=1Fe1

NEWIPENEAIP+L

NEW(LF) =NENTIPR
X(LP)=XIP+FLOLT(I~1)*XINC

Yl P )=t lreF CHET(I=1)*YINS

IF (dXeGTel oADCe iB,tN.KK=1) GG TO0 323
50 TO 324

YCaF)=Y(IPI+YINZ/2,

GO0 TJ 439

IF (KKeBTel JANDs IPstGo.kK+1) GO TO 325
SC TO w33

aF (iPenileKK*1) GO TC wg3
Y(IF)=Y(iF)=YINC/2,

VALL ARTETA({sIFX(IFI,Y LIP))
NERIP=NENIFENIFC

CONTINVUE

NERIP=L 1M12

LC 550 Ls24N

ANGLEZC JS*(THETALLY +THETALL-1))
ifF=1Fey

NEWIFSMNERIFeL

NEWEIP) sNENIP
XCIP)=SINIANGLE)*R
Y{IP)=COS(ANGLES R

ISTOxE=]IF

LU WRTIFTLLL0IFX(IFY,YLIP))
N0 55 1=3,LIM1242

IFz1rel

NEWIP=NEWIFeL

Nea(IF)ZNENIP
iAz=(L =21 %LIMi2eT

IRz (L =-1)%L1IN12¢]
ACLF)=0,5%(X(TA)eX(IB))

YOIF) =03V (TIA)eYLIBI

TF UKXeGTel 4ARCs Lo€GLe? oANJ. I.EQ.1FI) GO TO 350

wG 1) 351

AC(IP 3213 0%XULAIeXLIE) ) Ve
YEPI=U3..3Y TA)SY IR /000
VALL WRTPTL(I+19,XUIP)VLIP))
iG1214A

i€iD=]1ETO+8

I6a=1A~2

463=lE~2

164218

1G5=TA~1
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c o~ I ., 1 = e e

1G6sISTORE
167=18-1
1Go=1F .
Wma T o eI 10y lraleaalsloldeiudsiCasadSelbbeITiCel€EIGyi6G7,416E,
b3 IJ1
2ié FCPALTUAIN_.IS2C2 4olA ife17/71Ad¢,17,318)
22% 1S1232¢¢=1P
NEWIT=NERIFO_Tr12
25U Tui.TINULE
NET31z]F

o

FeZPaRE PLIT CF 5Fc1 2A%NS

ic=1

WILTE(3 4363 LLEISIDLLICHIFPP) JIPF=KKWLINL2)
30: FOXMAT(«HSFC1,4Xx,318)

IcIokeId I3

L0

ANGLESALAHA/ZKNS
YILCamh/XN2
33 33r I314M2FC
FETALL) =FLOAT (I=-L)*ARGL ¢ THETAN
3Ce SILTY(I)=H=FLCLiTUi=1)%YI 4l
NCWIF=NPTSieN1rC
<C BaJ L=2WN2FC
XIF=O0INCZETAILII"R
YIr=CC0S(3ZTALLII®*R
RINC=(ROLST-2IF)/X2NL
YINT=(SISEY(LY~YIP)/ZX2NL
F (LoNZaN2PU) GO TC 597
YIP=0,0
YINC=D.0
597 L0 53¢ I=t,.IM12
IfFz1Fe}
NEWIP=NEWIFe]
wERLLFIENENIF
X(IPI=XIP¢FLCAT(I-1)*XING
Y{1Pd=YIF+FLOAT(I=-1)2YIND
2GS ThLL WREISTL(I91PsK(1IP)yY(IF))
NEnlZ=NEAIF¢dLFS
600 “ONTINJE
LESTAT=(n=2)%L M1
WEWIP=NPTSI
20 625 L=24N2FC
ANGLZ=0.5%(IETR(L) ¢BETA(L~1))
IP=IFe+}
ALIFP)Y=SINLANGLE) *R
NERIF=NIRICHL
nEwliF)zntWIP
Y(IF) =03 (ANGLE)*R
CALL WITPT1(1,IPsX(IF)YLIPY)
ISToRE=1F
. IRLTT=NPTSI¢ tL=20%LINMLR
[ 00 62¢ I=3,LIM12,42

e

IF=1Fe1
, NEWIPZNEWIP oL
‘. NEWCLIF) =NEWIP nc 4ot
| f \6 %o D “
i ‘ oqqﬂob P’ 1. “9‘
coﬂ w‘ \.ﬂ
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096
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a 3
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713

LasIASTRTeI

L8=213STRT 2
l!lc)tl.ﬁ‘(l(lll'xlléll
11;?)33.5'\1(16101415)0
CALL HRIDY:(I.IP.I(IF!.!(IP))
161=18

1e22=31810eL

16e=ina~2

1Gaz13~2

MLED 8]

i6uzln-l

LGE=2ISTORE

WGT=1E-1

1Goz1IP

HR;TE(2‘204)SEIC.IFIE\IGL.XGZq163gIG“vIGﬁoIGS.IEID.IEIC.

151
1910<8=21R
h;htF:NiuIFoLlPlc
1817712 13SIRT

SUILOMALN 11l

wWFT31121P
texL~R3IST
hé:O/((HIXNZl‘hRI
XN3I=N3

LIr3=h3rt

1F (LIMS.LEeILTINM 6C VO 695
wxiTZlbe09b)

FQrMATL1X4*%307 DIrENLICN 100 SrALL®S
¢0 10 999

xa,T(1)2R01IST

XIRQ=E/XN3
hEﬂthNFTSIIGNZFD

50 T.d Lz2ehIN3
xIFaﬁolsttFLulT(L-i)'xINC
xact L= nlF

VIP’“.U

YINf 2/ XENe

Co 6499 I=z1.LIM2

tp=1IPe}

NEWIPENEWIPAL

NEWLLIF) =NEWIP

X(IPISKIE
VIIJ)=V1=0FLCA1(I-l)'VINC
N3N nitpriléGE,Iﬂ’Xt;F)o!(IPlI
kEszshEulFONZFO
CONTINVE
1519Q€=N?ISIGNZ'L!H12

0 ‘740 Is1,LEM2e2
15&(!!:1510&5
1510s£=1515ii-t1r12
laAt;antsN'Ll'iz
ISIUQE:NPISl!

0O 711 122010292
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711

776

775
7T4¢c

750

T4i

785

78¢

FeeTm e AT — -

IALLI) =ISTCRE
JSTCH<=215TURL=MPO
MEwier=NPISII

2?53 L=s2yIM3

IF=1F41

AMWIP=NZAIPHY
NERCIF)ENENIF

STCRe =032 (XECT (L) #XAUT(L=1))
(12125703

Y{I=)=uey

chie NRTATL(3CS, 19, XULIF) Y (IF))
iSTIxe=12

LS 77. i=14L1INMC

18502V =NPTSIi ¢ (L-2)%L1INM2¢1
20 775 1=34,uiM2,2

1F=[=¢1

NZbIZ2zwowlFel
NewliF)ENIWIF

14=[aau i)

iamled (1)

A(.2)=3TCRe

{IC)=YL14A)

Lol WRTITL(3C%,1P X104, Y(IR))
iGl=14a

sfad=30 100

1Ge=Tanll-22

iGoziZe(I-2)

IGu=1E

i65=1AA(I-1)

iGe=iS8T0=Z

HYESY-LRS LS ¥

IGL=IF

WRATE (2 s2u)IELIC S IPICsTO101G21 1630164955166, EICIIEICI 1674168y

I01
ISI1URE=]IF
S0 745 Jd=t4Llr2
I8:(J)=133¢J)
MEwIrz=NIdIPeLIM2
CCITINVE

CHIZK Grlu PCINT ARIAYS

iF LIFPelZoeNIP) GO 10 743
ARITZ (5 4747)

FCA4LTE1Xo*XeY CAMEMNSIINS TCC SMALL®)
30 TO 233

FrEFALL REST CF SPLY CAdpS

ic=2

L0 735 19=L1Ir124,ISTORE

IF (YLI4)eNELDLD) GO TO 785
WRIFE(S,30301S1CL,IC10Q
LURTINUE

F EFARE FORCE CARDS
«0 796 1214.1IM242
Flit=2.y

Bt it 0 T Sm———— -

£ RS ST
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2 X ¥

s XX &

7e?

Tot

T8¢
Wit

a4

356

>
-
an

19e

119

953

L)

[}

S S 1 ROt ¢

Ftil=l.)

FLLIM2)=23.90

6G 197 1z2,LIM22

XSS ELTY)

ih=?=§-J.KNZl“

nG 7o% I=1,L1IM2

F(l'=F‘1,/FNNH
lSTOJE=NFYSIIQFS'LIH2

1. F2i3TURE-LIF2L

=0

L0 T&é 1a=LIF y ISTORE

izi+1
4;LT£lH'hQH|ISICEsIQ'FII)QCOSI
£Qc MAT(3HFORLE o?léo5qu!a7of€o3)

NOIIMAL TZR4INATION CF DATA GENERATCR
<EwIND 2

IF ‘I;’-L:-'}--U, w0 1C 85,

Wi iTE (6349} :
FGh“Q'(ldllHﬂXs‘TOd sANY GRID PCINTS (233%™}
oC Tu 39

GORTINUT

«;:Tt(50613)1F|‘i10
NRLT:(o|173’(3055ﬂ(1i01310IP5
FGrﬂuT(%ﬂSEUGF so0 I8}

TePORAAY <EGEMNERATICN JF (15208 CARDS

0o 165 I=1.1eI0

FehDles200IM

FOhH&‘(2%x'6L5q5x/510213‘

LD 102 Ks1y8
J=miK)
MIKYSNEW(JSY
wrliTSt3 110)H
FCQFAY(5NBISZCS
SEWIND 3
rEwWIND 2
REWIND 3
wEWIND &
JEAING 8

STOR

.16!.615/1"0.7x.216)

ENSURE RUN WILe aC31 3ECAUSE CATA 1s 2ap

EWING 1

+IWIND 2

FERIND 3

EWING &

tMiLFIGE 3

INUFILE 2 .

dRiTE(h.blS)IF.IEIQ

FOFNAT(tKiIBGX.'Na GRIDING ELF1.3'¢211CI
STOP .
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SUSA0UTIHZ WRTFTLC(i 4 IF X Y)

<
¢ wRITcS A GrIC TARL ON VAFEL LSING ONE CF THREE FC2MLTS
c .

IC(R=y

iF (1.5Te2) 30 TO uibi

WJC(R=]

Fa: 3JRT(X®Xer®Y)
FIz9414153.653839732

VRN 0. /PI)RATANZ(Y X))

W T (19130)iPelil=sreleiPsl?

C lul FCraT€wnom Il symkeolngsReirdlouXoF 8.7 4FR L)

o TUPN
44l JF (Xe3Eels) GC TO 442
WelTECL 1AL IF L ICORIX,Y IR, IP
o 1bc FOHATHLHGPLUsuX a2 9cXyF3a74F8.6)
AL TUSN
QUC e T 0192 du)aiFeJiCiynsYoIP 1P
T 102 FL AT RS T [uy ks logcXeF2.64F3,46)
RE R EVEA N

b

104 FO-MuT(3nGxID* 1211691P2E1E4,9)2H¢G,1€/72R+G,16)
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